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Analysis of the Frequency, Damping,
and Total Insensitivities of Input Shaping Designs
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In the modeling of flexible structures, there is generally uncertainty in both the frequencies and damping
constants, and, thus, it is important that the control methods for such systems be robust to these uncertainties.
Input shapers have been shown to yield good performance while being insensitive to modeling errors. Most previous
studies, however, have addressed only frequency modeling errors. In this study, modeling errors in damping are
considered as well, and a total insensitivity measure is defined that incorporates both frequency and damping
modeling errors. An analysis of several types of input shapers shows a different ordering of shaper types in terms
of their total insensitivity to frequency and damping modeling errors compared to previous studies and comparisons

of these shaper types in terms of uncertainty in frequency alone.

I. Introduction

CCURATE control of flexible structures is an important and

difficult problem and has been an active area of research.!?
Methods that have been investigated for controlling flexible struc-
tures can be roughly divided into feedback and feedforward ap-
proaches. Feedback control methods use measurements and esti-
mates of the system states to reduce vibration, whereas feedforward
techniques alter the actuator commands or setpoints so that system
oscillations are reduced (see Fig. 1). Feedback methods alone are
generally computationally complex and, hence, are not very prac-
tical for real-time implementation. The performance of feedback
methods can often be improved by additionally using a feedfor-
ward controller, and properly designed feedforward compensators
can dramatically reduce the complexity of the required feedback
controllers for a given level of performance.

One feedforward method, known as input shaping, has been suc-
cessfully applied for controlling flexible structures, and the tech-
nique has been shown to allow flexible structures to be maneuvered
with little residual vibration, even in the presence of modeling un-
certainties and structural nonlinearities.>~® In this method, an input
command is convolved with a sequence of impulses designed to pro-
duce a resulting input command that causes less residual vibration
than the original unshaped command (see Fig. 1). The goal of input
shaping is to determine the amplitudes and timing of the impulses
to eliminate or reduce residual vibration. Because only the timing
and amplitudes need to be stored and only convolution needs to be
performed in real time, input shapers are a very practical method of
reducing vibrations.

The effectiveness of input shaping has been demonstrated on
many types of systems. It was used to improve the throughput of a
wafer handling robot” and the repeatability of a coordinate measur-
ing machine.® Input shaping was a major component of a flexible
system control experiment on the Space Shuttle Endeavor in March

1995 (Ref. 9), and it has also been investigated as a means of reduc-
ing residual vibrations of long-reach manipulators'®!! for handling
hazardous waste.

How sensitive input shapers are to modeling errors has been pri-
marily addressed in terms of modeling errors in frequency only.
However, damping is often more uncertain and difficult to model.
In this paper, we develop the concept of damping insensitivity and
a definition of total insensitivity that includes both frequency and
damping modeling uncertainty, and we use these measures to an-
alyze several types of input shapers. The shapes of the sensitivity
contours in the {—w space of various shapers are discussed, and a
method for determining whether a common form of frequency and
damping uncertainty can be accommodated by various shaper types
is presented.

The paper is organized as follows. In Sec. II, we briefly review
input shaping and show how some shapers that have been developed
for extra insensitivity to frequency modeling errors are not robust to
damping uncertainty relative to other types of shapers. We define the
concept of total insensitivity in Sec. I1I, and we analyze several types
of input shapers using this measure. The sensitivity contour shapes
of various input shapers are discussed in more detail in Sec. IV.
Finally, concluding remarks are given in Sec. V.

II. Input Shaping Methods

We consider point-to-point control of flexible structures
x(t) = Ax(t) + bu() (1
where

0 1
A = blockdiag[A4 ;] = blockdi
blockdiag[A ;] ockdiag [—wf —2{;'0)1]

b=[0 by O b, 0 b,"
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Fig.1 Block diagram of combined feedforward/feedback control of a
flexible system, where the feedforward compensator is an input shaper.

represent the flexible dynamics of the system; w; < --- < w, are
the structural frequencies; and ¢;, j = 1, ..., n, are the damping
ratios of the flexible modes. Here, wy = ¢, = 0O represents the
rigid body mode of the structure. The state is defined as x =
[x1 x x; x; x% x;]17, where x; and x, are the rigid body
position and velocity and x; and x; are the modal positions and
velocities. Desirable qualities of the control u () are that it causes
the motion to be performed rapidly while being robust to modeling
errors.

The amplitudes and time locations of the impulses in an input
shaper are determined by solving a set of nonlinear constraintequa-
tions. To limit the amount of residual vibration that occurs when the
system reaches its desired setpoint, the vibration amplitude result-
ing from a sequence of impulses (the input shaper) is required to be
less than a particular level at the final impulse time 7,,. The residual
vibrationresulting from a sequence of impulses can be expressedas®

2

V(w, ) = e fom Z A; et cos(wgt;)

i=1

212

+ ZAI-e“”" sin(wyt;)

i=1

)

where w; = w+/(1 — ¢?); there are m impulses denoted by i
1,...,m; A; is the amplitude of the ith impulse; and #; is the time
location of the ith impulse.

Various types of input shapers have been proposed for the control
of flexible structures as in Eq. (1), including the following.

1) Zero vibration (ZV): Requiring that the flexible modal posi-
tions and velocities, x; and x;, j = 1,2, ..., n, be zero after the se-
quence of impulses gives a set of ZV constraints® This amounts to
requiring that V(w;, ¢;) =0, j=1,2,...,n.

2) Derivativesof ZV (ZVD): To increase the robustnessof the im-
pulse shaping sequenceto modelingerrorsin the natural frequencies
and dampingratios, the partial derivativesof the ZV constraints with
respect to w; and ¢; are also constrained to zero. These derivative
constraints do not necessarily have to be imposed for all flexible
modes, only those where extra robustnessis desired ?

3) Additional derivatives of ZV (ZVDD, ZVDDD, etc.): Addi-
tional derivatives of various modes can be constrained to zero to
furtherincrease the insensitivityto modeling errors at those modes.?

4)Extrainsensitive(EI): Anothermethodofincreasingrobustness
tomodelingerrorsin the structuralfrequenciesis to allow some finite
residual vibration at the modeled frequency values but to constrain
zero residual vibration at frequencies slightly above and below the
modeling frequencies? This amounts to requiring that Vi, §) =
V(a)hij, i)=0,j=1,2,...,n, where Wo; < 0j < wpi; - This EI
method has the effect of broadening the frequency sensitivity curve
abouteach modeling frequencyand, hence, increasingthe frequency
insensitivity (see Fig. 2).

5) Two-hump EI, three-Hump EI, etc.: Additional robustness to
uncertainty in structural frequencies can be obtained by requiring
more than one hump in the frequency sensitivity curve'>'® (Fig. 2).
More and more robustness to frequency uncertainty is obtained by
requiring V(w, ¢) = 0 at more and more frequencies about the
modeling frequencies.

Constraints to account for actuator limits are also included. Fur-
therrequiringthe impulsesto be positiveallows the shaperto be used
with any arbitrary unshaped command input without violating the
actuator limits if the original unshaped command does not violate
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Fig. 2 Sensitivity curves relative to normalized frequency for vari-
ous input shapers for a one-mode system: ——, ZV; ----, ZVD; ----- s
ZVDD; - - -, EI; and = two-hump EI.

them.? However, if something is known about the types of unshaped
commands that are used, shapers containing negative impulses can
be designed to significantly reduce move time without overcurrent-
ing the motors.'>'*!15 Sometimes the control inputs can only take on
a small set of values,*!>14=16 such as in spacecraft with only on-off
jets. Thus, there are several designs for each type of shaper (ZV,
ZVD, EI, etc.).

Although many impulse sequencescan satisfy a given set of these
nonlinear constraints, because input shaping introduces a time lag
(equal to the length of the impulse shaping sequence) into the actua-
tor commands, the desired solutionis the shortestimpulse sequence
satisfying the constraints. Input shaping has also been explored in
the frequency domain, and it has been shown that control inputs
causing little or no vibrations can be designed by ensuring that the
transferfunctionofthe controlinputhas zeros at or near the locations
of the poles of the flexible system.'”~2

Figure 2 displays sensitivity curves relative to normalized fre-
quency for typical ZV, ZVD, ZVDD, EI, and two-hump EI shapers
foraone-mode[n = 1in Eq. (1)] system. The plots are of Eq. (2) for
a range of normalized frequencies ®/@mogel = Wactual / Pmodel With
¢ = Cactual = Cmodel- The residual vibration (2) using the ZV shaper
is 0, where the actual system frequency is equal to the modeling
frequencys,i.e., there is no modeling error and @,cwal /@model = 1. As
W,ea deviates from g1, however, we see that the residual vibra-
tion increases rapidly. The other curves in Fig. 2 can be analyzed
similarly.

Definition 1: Frequency insensitivityis the width /; of the sensi-
tivity curve relative to normalized frequency at a level V, (such as
5%) of acceptable vibration 33

From Fig. 2, it is clear that the two-hump EI is more insensitive,
i.e.,hasa greater 5% frequency insensitivity /, than the EI method.
Similarly, the ZVDD is more insensitive than the ZVD, which is
more insensitive than the ZV technique. The gains in insensitivity
of the ZVD and EI over the ZV come at a cost in speed, that is,
the ZVD and EI shapers lead to slower maneuvers, similarly for
the increased insensitivity of the ZVDD and two-hump EI. The
tradeoffs in speed vs insensitivity of several shaper designs have
been investigatedin Refs. 14 and 16.

The EI and multihump EI methods have generally been deemed
superior to the ZVD and multiderivative approaches, with studies
showing that, for comparable maneuver times, the EI methods lead
to greater frequency insensitivity levels.>'>!3 For instance, the EI
and ZVD shapers lead to approximately the same move times, but
the El is less sensitive to modeling errors in frequency, as indicated
by the broaderfrequency sensitivity curve for the EI comparedto the
ZVD in Fig. 2. Similarly, the two-hump EI has been shown to yield
roughly the same maneuver times as the ZVDD but with greater
insensitivity to frequency modeling errors, as again indicated by the
broader frequency sensitivity curve for the two-hump EI compared
with the ZVDD in Fig. 2.

However, the EI methods are only insensitive to frequency er-
rors, whereas the ZVD and multiderivative methods are robust to
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Fig.3 Sensitivity curves relative to normalized damping ratio for var-
ious input shapers for a one-mode system: ——, ZV; ----, ZVD; ----- s
ZVDD; - -+ -, EI; and we=, two-hump EI.

uncertainty in both structural frequency and damping. Figure 3
shows sensitivity curves relative to normalized damping for the
same ZV, ZVD, ZVDD, EI, and two-hump EI input shapers as in
Fig. 2. The plots are of Eq. (2) for a range of normalized dampings
g/gmodel = ;actual/gmodel with © = Wyeal = Omoder -

Definition 2: Damping insensitivityis the width I, of the sensitiv-
ity curve relative to normalized damping at a level V, of acceptable
vibration.

V(ow, &, Omodet s Cmodel) = eXp[_gwnormﬂ(’n —1Z]

2

Z Ai CXP[Kwnormﬂ(i - I)Z] Cos[wnormﬂ(i - 1)Znorm]

i=1

From Fig. 3, note that the EI is more sensitive to modeling errors
in damping compared to the ZVD method. Similarly, the two-hump
EI is more sensitive than the ZVDD to uncertainty in damping.

In virtually all previous studies, only the frequency insensitiv-
ity was considered; in fact, it was referred to as the insensitivity,
and there were rare references to damping insensitivity. However,
in practice, damping is often more uncertain and more difficult to
model than structural frequency. For example, in lightly damped
flexible systems, it is not uncommon to only know that the damping
is in the range 0.01 < ¢ < 0.1, where if the modeled damping is
taken to be {y0ge1 = 0.01, theactual damping ¢,ema could be as much
as 10times themodeled value. Further,damping can sometimes vary
greatly during the operation of a system. For instance, in flexible
systems where viscous coatings are used to increase damping, the
coating properties can change dramatically with temperature varia-
tions, consequently causing the damping to also vary significantly.

III. Analysis of Total Insensitivity

Based on the discussion in the preceding section, it would be
appropriate to develop a more complete definition of insensitivity
than the individual frequency and damping insensitivities. In this
section, we shall use the following measure to analyze and compare
ZV, ZND, ZVDD, EI, and two-hump EI shaper types for single-
mode flexible systems.

Definition 3: Total insensitivityis the area I/, in normalized £ -
space about the modeled damping and frequency such that the sen-
sitivity surface lies below an acceptable vibration level V,.

Equation (2) is evaluated for a range of normalized frequencies
and damPngS, w/wmodel = Wactual /wmodel and ;/gmodel = ;actual/
Cmodel» defining a surface in normalized {-w space. The area of the
region of ¢{-w space where the surface lies below the acceptable
vibration level V, is computed as the total insensitivity. In the s
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plane, this area can be thought of as a region about the modeled
flexible poles of the system.

As mentioned in the preceding section, depending on actuator
limit constraints and knowledge of the unshaped commands, there
are several designsforeach type (ZV, ZVD, EI, etc.) of shaper. Here,
we consider the more general positive impulse shapers (shapers
with only positive impulses) that can be used to shape arbitrary in-
put commands without causing actuator saturation if the unshaped
commands do not cause actuator saturation. For one-mode flexible
systems, analyticalor curve fit formulas exist for the amplitudesand
timings of the impulses for the positive ZV, ZVD, ZVDD,? EI,’ and
two-hump EI'? shapers. Two properties of these shapers simplify
our analysis.

1) The amplitude formulas are only functions of the modeled
damping constant &edel -

2) The time locations of the impulses in all cases are

o Ti=D

Wmodel 11—

(3)

2
gmodel

The impulse amplitudes for some other shaper designs also have
these properties.!*

Because of these properties, the frequency, damping, and total
insensitivity measures are constantas we vary @model While holding
the modeled damping ¢;,04e1 constant. This can easily be verified by
rewriting Eq. (2) for positive impulse single-mode shapers. Inas-
much as the impulse amplitudes and times, A; and 7;, are functions
0f Lmodel and @moder, the dependence of V () on them is explicitly
indicated:

1
2\ 2

Z Ai CXP[Kwnormﬂ(i - I)Z] Sin[wnormﬂ(i - 1)Znorm] (4)

i=1

where W,orm = ©/®model = Oactual / Pmodel 18 the normalized frequen-
cy, Z= 1/\/(1 - gnzwdel)’ and Zyom = \/(1 - ;2)/\/(1 - gnzwdel)'

For a given {pode1, V (+) is only a function of the normalized fre-
quency wnerm and damping ¢. Thus, the sensitivity surface in nor-
malized ¢ -w space will be the same regardless of w041, and, hence,
the total insensitivity is independent of wmede1- Because the sensi-
tivity surface is constant for different w041, the two cross sections
of the surface at {yom and wyorm = 1 are also invariant with moger -
These cross sections are just the sensitivitycurvesrelativeto normal-
ized frequency and normalized damping, and thus the frequency and
dampinginsensitivitiesare independentof w4 - Because theresid-
ual vibration V () cannotbe written as a functionof ¢horm = ¢/ Zmodel s
V() is dependenton {y0qe- Hence, the frequency, damping, and to-
tal insensitivities are dependenton {;0qe1, and we shall present our
results as plots of these quantities Vs podel-

Figure 4 shows the 5% frequency insensitivities /; of the posi-
tive impulse single-mode ZV, ZVD, ZVDD, EI, and two-hump EI
shapers for modeled damping constants varying from O to 0.2. As
expected, the ZVDD has greater frequency insensitivities than the
ZVD, which in turn has greater frequency insensitivity than the
ZV shaping method. Similarly, the EI method is more sensitive to
frequency modeling errors than the two-hump EI. The EI and ZVD
positiveimpulse shaperseach have threeimpulses,and, hence, given
Eq. (3), the El and ZVD shaperlengths are equal. Similarly, the two-
hump EI and ZVDD shapers each have four impulses and, thus, are
of the same length. However, as indicated in Fig. 4 and in the pre-
ceding section in Fig. 2, the EI and two-hump EI designs are more
insensitive to frequency modeling errors than the equivalent-length
ZVD and ZVDD shapers.

As anticipated from the preceding section, the damping insensi-
tivities of the EI and two-hump EI designs are smaller than those
for the equivalent-lengthZVD and ZVDD designs (Fig. 5). In fact,
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the damping insensitivity of the EI shaper is comparable to that for
the nonrobust ZV shaper, and the damping insensitivity of the two-
hump EI is almost exactly the same as that for the shorter-length
ZVD shaper.

Comparing the total insensitivitiesof the various shapersin Fig. 6,
we see that the derivative method (ZVD, ZVDD) of increasing ro-
bustness to modeling errors leads to greater total insensitivitiesthan
the extrainsensitive methods (EI, two-hump EI) for the equivalent
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shaper lengths. That is, the ZVD gives greater total insensitivities
than the EI method, and the ZVDD yields significantly larger total
insensitivities than the two-hump EI.

The 5% total sensitivity contoursfor the ZV, ZVD, and ZVDD are
generally convex; however, as the modeled damping constant gets
larger, the contours can become concave. Figure 7 shows the 5%
sensitivity contours for selected damping values for the ZV, ZVD,
and ZVDD designs; the areas within the contours are the 5% total
insensitivities /;,. Because the axes are the normalized damping
and frequency, the (1,1) location in each of the plots (denoted by a
large dot) indicates the point where there is no modeling error. Note
that, for smaller modeled damping constants, the contours run into
the ¢ = 0 axis; ¢ is required to be greater than or equal to zero for
a dissipative flexible system. Whenever the contours run into the
¢ = 0 axis, the total insensitivity is computed as the area enclosed
using the segment of the { = 0 axis to close the contour. The 5%
total sensitivity contours for the EI and two-hump EI methods are
irregular and concave, as seen in Fig. 7.

IV. Discussion

From our analysis of the frequency and damping insensitivities
of the various shaper types, we see that the EI and two-hump EI
shapers give up some damping insensitivity to achieve increased
frequency insensitivity over the ZVD and ZVDD methods. How-
ever, the total insensitivity results show that the derivative methods
of increasing robustness (ZVD and ZVDD) lead to greater total in-
sensitivities than the EI methods (EI and two-hump EI). This could
be interpreted as the EI and two-hump EI methods giving up more
damping insensitivity than the frequency insensitivity they gain.

In general,however, the resultsindicate that all of the shaper types
considered have greater damping insensitivities than frequency in-
sensitivities. This insensitivity to errors in modeled damping has
been pointed out in Ref. 3 for the ZV, ZVD, and ZVDD methods.
The EI and two-hump EI methods also show greater damping in-
sensitivities than frequency insensitivities. If the modeling of the
damping constants of the flexible modes of a system is accurate
and there are only small uncertainties in the damping, then the EI
(EI and multihump EI) methods would be appropriate for accurate
control of the flexible system. However, in many systems, damping
is often more difficult to model accurately than the modal frequen-
cies, and the derivative methods (ZVD, ZVDD, etc.) may be more
appropriate.

There are always uncertaintiesin the modeling of both frequency
and damping, and itis importantto addressbothin the inputshaping
design. Given the uncertaintiesin frequency and damping, the input
shaping design used should yield a contour plot at the acceptable
vibrationlevelin ¢ -w space thatencompasses the entire uncertainty
region. Often, the uncertaintiesin modeled frequency and damping
are expressed in the form

wl()j SC{), Sa)hij! ;l()j 5;1 Sghij! j= 1!"'!” (5)
In normalized form for a one-mode system, we would have
® e .
b o On S0 <1< Chi ©)
Wiodel Wmodel ;model ;model

It is clear that, for each mode, the uncertainty leads to a rectangle
in {-w space, a shape very different from the contours in Fig. 7.

For uncertainties expressed in this manner, it is of interest to
know whether an input shaping design can guarantee vibration lev-
els below the acceptable vibration level V, for the entire range of
uncertainty. This requires the contour at V, in {-w space to encom-
pass the uncertaintyregion. From our analysisof one-mode systems,
we have an approximate idea of the sizes and shapes of the 5% sen-
sitivity contours from Figs. 4-7. Given a standard uncertainty form
of Eq. (6), however, it is still difficult to judge whether a particu-
lar positive shaper design’s 5% sensitivity contour encompasses the
entire uncertainty region without evaluating the sensitivity surface
over the uncertainty region.

We have computed curve fit formulas for a number of quanti-
ties that define the 5% sensitivity contours as functions of Cmodel-
Because the contours for the ZV, ZVD, and ZVDD shapers are of
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Fig.7 Shapes of the 5% total sensitivity contours for various modeled damping values and shaper designs.

similar shapes, similar quantities and formulas are used to approxi-
mate these contours. The importantquantitiesare labeled fora ZVD
contourin Fig. 8. The offsetis the normalized damping axis coordi-
nate of the centroid of the region enclosed by the contour. If offset
is 1, then the contour region is centered about ;041 Generally, the
input shapers are more tolerant for larger dampings than smaller
dampings, and so the offset parameter tends to be greater than 1.
The parameters wmin and wm,x are the minimum and maximum nor-
malized frequencies on the contour when the normalized damping
is set to the offset value. For the ZV, ZVD, and ZVDD shapers, the
contours are approximately symmetric about the ,ear /@moger = |
axis. The upper half and lower half are approximately parabolas,
and we can define two parameters ¢; and ¢,, which along with @y,
and wm,x can approximate the shapes of these halves:

~ . cat|2
Whormigwer_half > @Pmin + Cy |§norm - Offsetl + C2|§norm - 0ff§et|

~ . at]2
wnormupper_ha]f ~ Wmax — € |§norm - Offsetl - CZl;norm - 0ff§etl

where for arange of normalizeddampingratios ¢, o, aboutthe offset
value, the corresponding normalized frequencies that comprise the
sensitivity contour can be computed by the preceding formulas. We
have computed curve fit formulas for the offset, Wmin, @max, 1, and
¢, as a function of g fOor 0 < Cnoder < 0.2 for the ZV and
ZVD positive shapers and for 0 < moqer < 0.14 for the ZVDD.
The formulas are given in Table 1 and are accurate to within 5%
over these ranges. They tend to be less accurate for lower damping
constants because of the rapid change in contour size in this range
(as indicated in Fig. 6). More accurate formulas, if desired, can be
obtained if we restrict ourselves to smaller ranges of {yoqel-

For the EI and two-hump EI shapers, the sensitivity contours are
more complex in shape. However, for simplicity, we have also ap-

proximated the upper and lower halves of the contours with parabo-
las. For the EI shaper, the sensitivity contour has a neck, and so it
is important to know the width of the neck to be able to determine
whether the contour encompasses an uncertainty region of the form
of Eq. (6). The parameter determining the lower damping side of the
neck (see Fig. 8), D, is always equal to 1. This is because the EI
shapers are designed so that there is 5% (or V,) residual vibration at
the modeling frequency and modeling damping. [See Fig. 2; the EI
and multihump EI shapers could be designed such that the humps
have a maximum residual vibration level less than 5% (or less than
V,). This would reduce the frequency insensitivity and increase the
damping insensitivity levels compared to those shown for the EI-
type shapers in Figs. 4 and 5. As the maximum residual vibration
level of the hump(s) is decreased, the EI and multihump EI shaper
designsapproachthe ZVD and multiderivativeshaperdesigns.] The
higher damping side of the neck, Dy,y, varies with ¢medger. Curve fit
formulas for the offset, Wiy, @Wmaxs €1, €2, and Dy, as a function of
Cmodel TOr 0 < {moder < 0.2 for the EI positive shaper are given in
Table 1.

For the two-hump EI shaper, there are indentationsin the contour
onthelowerdampingside (Fig. 7). As with the EI shaper,becausethe
two-hump shaper is designed so that the humps have a maximum
of 5% residual vibration (see Fig. 2 and parenthetical notation in
precedingparagraph), the parameter D, in the bottom plotin Fig. 8
is always equal to 1. Curve fit formulas for the offset, Wiy, Wmaxs €1,
and ¢, as functions of {moedel 01 0 < {imoder < 0.2 for the two-hump
EI positive shaper are given in Table 1. The formulas for the EI and
two-hump EI shapers are accurate to within 10%. More accurate
formulas can be obtained if we restrict ourselves to smaller ranges
of {moder @s Well as use a more complicated curve than a parabolato
fit the upper and lower halves of the EI and two-hump EI sensitivity
contours.
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Table1 Formulas for determining whether various shaper
designs can guarantee less than 5% residual vibration
over the uncertainty region of Eq. (6)

Shaper Curve fit formulas

yAY offset = 2.0771exp(—278.5415Cmode1) + 1.0276
Omin = 0.9691 — 0.0463¢model — 0.0875¢2
Omax = 1.0309 + 0.0484¢moder + 0109322

1 = —0.0223¢moder + 0.5805¢2

odel

odel

2 = 0.13460moqer +22.256202 . — 12.9057¢2
ZVD offset = 46.4681exp(—269.4522¢moder) + 1.4500
Omin = 0.8622 — 0.195%m0qe1 — 0.3875¢2 )

Omax = 1.1367 + 0.2325¢model + 1.1239¢2

) model
cp = 0.0376§mode1 - 0'0616{mode1

2 = 0.0094¢moqer +5.532852 ., — 5.5508¢3
ZVDD offset = 174.8072exp(—223.8919¢moder) + 2.7000
Omin = 0.7515 = 0.3132moger — 0.435022 )

Omax = 1.2648 + 0.1694¢ moqer + 9.9607¢%
c1 = —0.0136Lmogel + 0.2332¢>

model

ey =4.7531¢2 . —15.314203
EI offset = 1212.2 exp(—4840.9¢moqe1) + 1.3500
Omin = 0.8009 — 0.235% model — 0.364852 1

Omax = 1.2000 + 0.2207¢moder + 1.0978¢2
¢1 = 0.5086¢model + 0.70222

5 mgodel
¢ = 15264922\ +2.1945¢3

Do = 762438 exp(—167.53moger) + 18000

offset = 943.9863 exp(—5571.4Lmoder) + 1.3500

Wmin = 0.6392 — 0.3837{mode1 - 0'4384{nzwde1

Omax = 13646+ 0.5733model + 2957122,

¢1 = 0.0756Cmogel — 0.06112%

) = 0.3520{mode] + 3.605(){“210‘131 - 6'9081{;«)&1
Diin =1

Two-hump EI

Using the formulasin Table 1 and the following procedure, we can
easily determine whether the 5% sensitivity contour of the various
shapers covers an uncertainty of the form (6).

1) Given the type of shaper (ZV, ZVD, ZVDD, EI, or two-hump
ED), Zmoder» and Eq. (6), let
o= o & = iR w = o w, = e

P P P
;model ; model Wmodel Wmodel

2) For the given {moqge1, compute the offset, Wmin, @maxs €15 C2,
and D, from Table 1. For the ZV, ZVD, and ZVDD shapers, set
D,y = 0 because there is no indentation in the sensitivity contour
on the low damping side (Fig. 8); for the ZV, ZVD, ZVDD, and two-
hump EI shapers, set Dy,.x = 400 because there is no indentation
on the high damping side (Fig. 8). If any of

;I < Dmins ;/7 > Dmaxa W < Wpin, Wy > Wmax
hold, then the uncertainty region is not encompassed by the 5%
sensitivity contour, and the next step should be skipped.

3) For the given uncertainty in damping, ¢; and ¢, let us compute
the largest range of frequency uncertainty [@,_bound s @hi_bound] that

can be accommodated. Let
A, = max(g, — offset, 0), A, = offset — ¢
and
A =max(A,, A,)

Because the ¢ and ¢, values may be asymmetric about the offset
parameter, the largerof A, and A,, is used becauseit will be the lim-
iting factor in whether the uncertaintyregion is encompassed by the
sensitivity contour. We can now compute the bounds on the normal-
ized frequency such that the rectangular region described by ¢, ¢,
®lo_bound» ANd Wyi_pouna 18 encompassedby the 5% sensitivity contour:

_ 2
Wiobound = @min T C1A + A

_ 2
Ohibound = Omax — C1A — A

14} ZvD
12 I Wppx ———————— T ————— -
1} - 3 ) ]
08 | Aap— L L LS |
i «— offset — ‘
061 Cmodel =0.081
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Fig. 8 Parameters used to approximate the shapes of the sensitivity
contours for various shaper designs.

Now, if

W) < Wio_bound or Wy > Whibound

then the uncertaintyregionis notencompassedby the 5% sensitivity
contour. Otherwise, the uncertainty region is encompassed by the
5% sensitivity contour.

This procedure provides a quick way to determine whether a
shaper sensitivity contour encompasses a rectangular uncertainty
region as in Eq. (6) withouthaving to compute the entire sensitivity
surface in {-w space.

Example: To illustrate the procedure, suppose that, in the model-
ing of a one-mode flexible system, we determine that

30rad/s < Woea < 39.7 rad/s @
0.06 < Gyear < 0.17 (8)

Let us choose
Smoder = 0.08 )

Wmodel = 34.7 and

For the ZVD shaper, we have the following data.
1) From the model and uncertainty information, we have

G=075 ¢ =2125 o =08646, w,=1.1441

2) From the formulas for the ZVD shaper in Table 1, we have

offset = 1.4500, Wmin = 0.8440, Wmax = 1.1625
¢y =0.002614, c; = 0.03332
Dmin =0, Dmax = +00



Because §; > Dy, & < Dipaxs @ > Opin, and @) < Opax,s
we need to proceed to step 3 to determine whether the uncertainty
region is encompassed by the 5% ZVD sensitivity contour.

3) We compute

A,=0675, A,=07, and A=07

and

Wio_bound = 0.8622 and Whi_bound — 1.1443

Now, because @; > ®io_pound aNd W), < @pi_boung, the uncertainty
region is encompassed by the 5% ZVD sensitivity contour.

The 5% ZVD contour for this example, i.e., for {yoqe = 0.08, is
shown in the upper plot in Fig. 8, with the rectangular uncertainty
region of the example shown completely within the contour. We can
follow the same procedure for determining whether the other shaper
types (ZV, ZVDD, EI, and two-hump EI) also encompass the un-
certainty region in the preceding example, and we will find that the
only other shaper that can handle this uncertainty is the ZVDD. The
EI and the two-hump EI fail because they are not robust to damping
errors below {imodel as embodied in the Dy, parameters and shown
in Fig. 8. [The two-hump EI contour does not encompass the large-
w/small-¢ corner of the uncertainty region. Because the procedure
does not allow any damping uncertainty below ¢;,0qe1 for the two-
hump EI, the procedure tends to give conservative answers for the
two-hump EI when there is very little uncertainty in the modeling
frequency; that is, if @, > 0.9 and w, < 1.1, the two-hump EI
can tolerate some damping uncertainty below &40 (Figs. 7 and 8);
however, the outlined procedure will conclude that the two-hump
EI does not encompass any rectangularuncertainty with ¢, < 1. For
small frequency uncertainties, it is overkill to use the two-hump EI
shaper; for larger frequency uncertainties where the two-hump EI
is to be considered, the 5% contour can encompass rectangular un-
certainties of Eq. (6) only if there is no damping uncertainty below
Cmodel -] If the lower bound on yew in Eq. (8) is 0.08 and the model
is still chosen as in Eq. (9), then the ZVD, ZVDD, and two-hump
EI 5% sensitivity contours encompass the uncertainty region. If the
upperbound on the damping uncertaintyin Eq. (8) is also lowered to
0.144, then the El sensitivity contour will encompass the uncertainty
region.

Because the total sensitivity contours are functions of {meder, the
selection of a particularmodel damping ratio within the uncertainty
rangeisimportant.Itis difficult to know exactly how to choose &model
such that the total sensitivity contour is more likely to encompass
the uncertainty region, but the described procedure allows several
choices of {yoqe to be quickly evaluated rather than computing the
sensitivity surfacesand resultingcontoursfor each ¢model considered.

V. Conclusions

We have defined a damping insensitivity measure that indicates
how robust an input shaper design is to modeling uncertainty in
damping, and we have further defined a total insensitivity measure
that addresses modeling uncertainty in both frequencies and damp-
ing constants of flexible systems. Using these measures, along with
anearlierdefined frequencyinsensitivitymeasure, we have analyzed
several input shaping designs, and the results show that EI and two-
hump EI input shapers, which have previously been shown to have
larger frequency insensitivities, have smaller damping insensitivi-
ties and smaller total insensitivities compared to equal-lengthZVD
and ZVDD shapers.

All of the shaper types considered have greater damping insensi-
tivities than frequency insensitivities,and whether the larger damp-
ing and total insensitivities of the ZVD and ZVDD methods are
needed or the larger frequencyinsensitivitiesof the EI and two-hump
EI are needed depends on the estimated accuracy of the modeling
with respect to the frequency and damping parameters. We have
presented the shapes of the 5% sensitivity contours of the various
shaper designs in normalized ¢ - space. Given the uncertaintiesin
frequency and damping, the input shaping design used should yield
a contour plot at the acceptable vibration level in {-w space that
encompasses the entire uncertainty region. Using curve fit formu-
las to approximate the sensitivity contours, we have also outlined
a quick and useful way for determining whether an input shaper
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can handle a common form of frequency and damping uncertainty
without needing to compute the entire sensitivity surface.
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